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Abstract	
Artificial	 intelligence	 (AI)	 has	 evolved	 into	 a	 mathematically	 grounded	 discipline	 built	 on	
optimization,	probability	theory,	 linear	algebra,	and	differential	equations.	Modern	AI	systems,	
especially	deep	neural	networks	and	generative	models,	rely	heavily	on	mathematical	structures	
for	 their	 formulation,	 training,	 and	analysis.	This	paper	presents	a	 structured	overview	of	 the	
mathematical	 foundations	 underlying	 supervised	 learning,	 deep	 neural	 networks,	 residual	
architectures,	 neural	 differential	 equations,	 generative	 modeling,	 and	 transformer	 systems.	
Emphasis	 is	 placed	 on	 empirical	 risk	 minimization,	 gradient-based	 optimization,	 mean-field	
limits,	 flow-based	 generative	 processes,	 and	 attention	mechanisms.	 The	 discussion	 highlights	
how	 mathematical	 tools	 both	 explain	 current	 AI	 successes	 and	 expose	 open	 theoretical	
challenges.	 The	 paper	 also	 connects	 broader	 perspectives	 on	 mathematics	 as	 the	 basis	 of	
quantitative	knowledge	with	its	central	role	in	AI	development.	Statistical	generalization	theory	
is	 acknowledged	 but	 not	 treated	 in	 depth.	 The	 objective	 is	 to	 provide	 a	 coherent	 five-section	
technical	overview	suitable	for	academic	study.	
Keywords:		Artificial	Intelligence;	Mathematical	Foundations;	Neural	Networks;	Deep	Learning;	
Optimization;	 Gradient	 Descent;	 Generative	 Models;	 Neural	 Ordinary	 Differential	 Equations;	
Transformers;	Attention	Mechanisms.	
	
1.	Introduction	

Mathematics	is	the	foundation	of	quantitative	reasoning	across	science	and	engineering.	
It	provides	the	language,	structures,	and	analytical	tools	required	to	build	predictive	and	reliable	
models.	 Prior	 scientific	 literature	 has	 repeatedly	 emphasized	 that	 mathematics	 underpins	
technological	progress,	measurement	systems,	and	predictive	modeling	across	domains	such	as	
biology,	physics,	climate	science,	and	engineering	(Trevors	&	Saier,	2010).	Artificial	intelligence	
is	a	direct	continuation	of	this	tradition:	modern	AI	systems	are	not	merely	software	artifacts	but	
mathematical	models	trained	through	numerical	optimization.	

Neural	 networks,	 generative	 models,	 and	 transformer	 architectures	 are	 constructed	
using	layered	linear	and	nonlinear	mappings,	probability	distributions,	and	dynamical	systems.	
Their	behavior	is	governed	by	loss	functions,	gradients,	and	large-scale	optimization	processes.	
As	AI	systems	grow	in	scale	and	capability,	mathematical	analysis	becomes	more	—	not	less	—	
important.	 It	 is	 required	 for	 stability,	 efficiency,	 interpretability,	 and	 reliability.	 This	 paper	
surveys	 the	 main	 mathematical	 components	 behind	 modern	 AI	 architectures	 and	 training	
methods.	
2.	Supervised	Learning	and	Optimization	
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Supervised	 learning	remains	a	core	training	paradigm	in	AI.	A	dataset	of	 input–output	
pairs	 is	used	 to	 train	 a	parameterized	 function	 so	 that	predictions	match	 labeled	 targets.	The	
standard	formulation	is	empirical	risk	minimization,	where	parameters	are	chosen	to	minimize	
an	average	loss	over	training	samples:	
	

min_θ	E(θ)	=	(1/n)	Σ_i	ℓ(f_θ(x_i),	y_i).	
	

The	loss	function	measures	prediction	error,	commonly	using	squared	loss	for	regression	
or	 cross-entropy	 for	 classification.	 Training	 is	 typically	 performed	 using	 gradient	 descent	
methods,	 where	 parameters	 are	 iteratively	 updated	 using	 gradient	 information.	 In	 practice,	
stochastic	gradient	descent	and	 its	variants	are	used	because	they	scale	to	very	 large	datasets	
(Robbins	&	Monro,	1951).	

When	models	are	linear	in	parameters,	optimization	is	convex	and	well	understood.	Deep	
neural	networks,	however,	produce	highly	non-convex	objectives.	Despite	 this,	 large	networks	
often	 train	 successfully.	 Mathematical	 research	 explains	 part	 of	 this	 behavior	 through	
over-parameterization	 and	 landscape	 smoothing	 effects	 (Chizat	 &	 Bach,	 2018;	 Bach,	 2024).	
Efficient	gradient	computation	is	enabled	by	reverse-mode	automatic	differentiation,	commonly	
known	as	backpropagation	(Griewank	&	Walther,	2008).	
3.	Neural	Network	Architecture	and	Continuous	Limits	

Multi-layer	 neural	 networks	 compute	 representations	 through	 repeated	 affine	
transformations	followed	by	nonlinear	activation	functions.	A	typical	layer	has	the	form	x{l+1}	=	
σ(W_l	x_l	+	b_l).	Nonlinearity	is	essential;	otherwise	stacked	layers	collapse	into	a	single	linear	
map.	 Universal	 approximation	 results	 show	 that	 even	 two-layer	 networks	 can	 approximate	
continuous	 functions	 on	 compact	 domains	 (Cybenko,	 1989;	 Hornik	 et	 al.,	 1989).	 However,	
approximation	theorems	alone	do	not	determine	efficiency	or	trainability.	

Modern	theory	studies	wide	networks	using	mean-field	limits,	where	neuron	parameters	
are	described	by	probability	measures	 instead	of	 finite	vectors	(Barron,	1993).	 In	 this	regime,	
training	dynamics	can	be	modeled	using	gradient	flows	in	probability	space	and	optimal	transport	
metrics	(Ambrosio	et	al.,	2008;	Chizat	&	Bach,	2018).	This	connects	neural	network	training	with	
partial	differential	equations.	

Very	deep	networks	benefit	 from	residual	connections,	where	each	 layer	adds	a	small	
correction	 to	 its	 input.	 In	 the	 infinite-depth	 limit,	 residual	 networks	 correspond	 to	 neural	
ordinary	differential	equations,	linking	deep	learning	with	dynamical	systems	and	control	theory	
(Chen	et	al.,	2018).	This	continuous	viewpoint	enables	new	analysis	tools	and	memory-efficient	
training	methods.	
4.	Generative	Models	and	Flow-Based	Methods	

Generative	AI	models	 aim	 to	 produce	new	 samples	—	 images,	 signals,	 or	 text	—	 that	
follow	 a	 learned	 probability	 distribution.	 Instead	 of	 direct	 prediction,	 these	 models	 learn	
transformations	 between	 probability	 distributions.	 Early	 approaches	 included	 generative	
adversarial	 networks,	which	 optimize	 a	 divergence	 between	 generated	 and	 real	 distributions	
(Goodfellow	et	al.,	2014).	

Recent	progress	relies	on	diffusion	and	flow-based	models,	where	generation	is	defined	
through	differential	equations	that	gradually	transform	noise	into	structured	data	(Sohl-Dickstein	
et	al.,	2015;	Lipman	et	al.,	2023).	Training	objectives	are	reformulated	as	regression	problems	on	
vector	 fields,	making	optimization	more	stable.	These	approaches	are	grounded	 in	probability	
flow	 equations	 and	 transport	 theory	 (Peyré	 &	 Cuturi,	 2019;	 Papamakarios	 et	 al.,	 2021).	
Mathematical	 structure	 is	 central:	 without	 it,	 sampling	 accuracy	 and	 stability	 cannot	 be	
guaranteed.	
5.	Transformers,	Attention,	and	Token	Dynamics	
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Transformer	architectures	dominate	modern	language	and	sequence	modeling.	Instead	
of	 fixed-width	 vector	 transformations,	 transformers	 operate	 on	 sets	 of	 tokens	using	 attention	
mechanisms.	Each	token	is	updated	by	a	weighted	combination	of	other	tokens,	where	weights	
depend	on	similarity	scores	between	learned	projections	(Vaswani	et	al.,	2017).	

Mathematically,	attention	layers	can	be	interpreted	as	interacting	particle	systems	and	
analyzed	 using	 mean-field	 limits.	 Continuous-depth	 formulations	 lead	 to	 transport-type	
equations	describing	token	evolution	across	layers	(Sander	et	al.,	2022).	These	formulations	show	
that	 transformer	 behavior	 can	 be	 studied	 using	 tools	 from	 dynamical	 systems	 and	 measure	
evolution,	though	full	optimization	theory	remains	incomplete.	
Conclusion	

Artificial	 intelligence	 is	 fundamentally	 mathematical	 in	 structure	 and	 operation.	
Optimization,	probability,	differential	equations,	and	functional	analysis	are	not	optional	add-ons	
but	core	components.	From	supervised	 learning	and	gradient	descent	 to	diffusion	models	and	
transformers,	 mathematical	 frameworks	 explain	 both	 capabilities	 and	 limitations.	 Prior	
scholarship	 has	 emphasized	 that	 mathematics	 forms	 the	 base	 of	 all	 quantitative	 knowledge	
(Trevors	&	Saier,	2010),	and	AI	is	a	direct	confirmation	of	that	claim.	Future	progress	in	AI	will	
depend	 on	 deeper	 theoretical	 results	 concerning	 optimization	 dynamics,	 generalization,	
efficiency,	and	reasoning.	Mathematical	research	is	therefore	not	peripheral	to	AI	—	it	is	central	
to	its	future.	
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